This paper presents a numerical analysis of free vibration of thin circular and annular plate using finite element method. The first five natural frequencies are presented for uniform annular plates of various inner-to-outer radius ratios, with nine possible combinations of free, clamped and simply supported boundary conditions at the inner and outer edges of plates. The accuracy of the method is established by comparing the results available in the literature. Results show that natural frequency parameter increases as the inner-to-outer radius ratio increases except in case of free boundary condition, for which it decreases with the inner-toouter radius ratio. This result provides benchmark values that can be used to validate result obtained by other approximate approaches such as finite difference method, differential quadrature method and boundary element method.
Introduction
Circular and annular plates are the fundamental structural elements used in various engineering fields. The lateral vibration of such plates has been the subject of numerous studies. Yuan and Dickinson (1996) studied the natural frequency parameters for the free vibration of annular, circular and sectorial plates using a Ritz solution. Vera et al. (1998 Vera et al. ( , 1999 studied free vibration of annular plates with four combinations of boundary conditions Case (i) clamped at both edges, Case (ii) clamped at outer edge and simply supported at inner edge, Case (iii) simply supported at outer edge and clamped at inner edge and Case (iv) simply supported at both edges and also the free-free edge conditions. Chakraverty and Petyt (1999) studied elliptical and circular plates with seven types of orthotropic material properties for all the classical free, simply supported and clamped boundary conditions using the Rayleigh-Ritz method with two-dimensional boundary characteristic orthogonal polynomials as the admissible functions. They presented an exhaustive graphical result of the first five frequencies for various aspect ratios. Chakraverty et al. (2000 Chakraverty et al. ( , 2001 ) also studied the orthotropic annular elliptic plates.
Their study contains results for the first eight frequency parameters for various values of aspect ratios of the outer and inner ellipse. Wu et al. (2002) studied the free vibration of solid circular plates using the generalized differential quadrature rule (GDQR). Kim (2003) analyzed natural frequency parameters for isotropic elliptical and circular plates using the Rayleigh-Ritz method. Farag and Pan (2003) used the assumed method to thoroughly investigate the in-plane modal characteristics of a solid circular disk with clamped outer boundary. Wang (2003) studied the vibration of an annular membrane attached to a free rigid core. Wang et al. (2005) studied the effect of core on the fundamental frequencies of annular plates with four different types of ideal boundary conditions. Bashmal et al. (2009) used the Rayleigh-Ritz method with boundary characteristic orthogonal polynomials (BCOP) to study the free in-plane vibrations of annular plates for different combinations of inner/outer edge conditions. The latter authors subsequently derived the exact frequency equations, based on the 2D linear plane stress theory, in terms of Bessel functions (2010). Hassani et al. (2010) employed a Rayleigh-Ritz approach with two-dimensional BCOP and linear plane stress theory to investigate the in-plane modal characteristics of annular circular and elliptic plates of non-uniform thickness for all classical boundary conditions. Komur et al. (2010) carried out a buckling analysis for laminated composite plates with an elliptical/circular hole centered in the plate using finite element method (FEM) using ANSYS finite element software. Chen and Ren (1998) studied the lateral vibration of thin annular and circular plates with variable thickness using finite element analysis. Liang et al. (2007) extended a new method using the limited finite element method (FEM) for the analysis of the natural frequencies of circular/annular plates of polar orthotropy, stepped and variable thickness. Moreover, free vibration analysis of different geometries and materials have also been studied numericaly or theoretically in recent years (Torabi et al. 2013; Nia et al. 2014; Vimal et al. 2014; Yadav et al. 2015; Bhardwaj et al. 2015; Samaei et al. 2015) . In this paper, the effects of different radii ratio, with nine possible combinations of free, clamped and simply supported boundary conditions at the inner and outer edges of plates on the free vibration responses are discussed in detail.
Material and Methods
A finite element analysis was made for obtaining the first five natural frequencies using ANSYS. The free vibration is computed using Block-Lanczos algorithm. In addition SHELL 181 is suitable for analyzing thin to moderately-thick shell structures. As demonstrated in Fig. 1 , the element contains four-node with six degree of freedom at each node. SHELL 181 is well suited for linear, large rotation, and/or large strain nonlinear applications. In this study, isotropic plates made of steel were used. The thickness of plate remains uniform throughout the study. The mechanical properties of steel are listed in Table 1 . 
Results and discussion

Circular plate
The present study is first validated by carrying out convergence study of non-dimensional frequency parameter Ω defined by Ω= ωR 2� ℎ/ , with respect to mesh dimensions (M × N) and by comparison with results available in the literature. The rates of convergence of the first five frequency parameter for free, clamped and simply supported boundary conditions are presented in Tables 2 to 4 . It can be seen that M=12, N=12, is sufficient for converged result. The first five natural modes of flexural vibrations for free, clamped and simply plates are shown in Fig. 4 . It can be noted that for free plate mode (1, 0) has higher frequency than mode (1, 2), as well as mode (1, 1) than (1, 3). 
Annular Plate
The first five non-dimensional frequency parameters, for uniform annular plates of various innerto-outer radius ratios varying from 0.1 to 0.8 at interval of 0.1 are computed and presented in Tables 5-13 . Result are provided for nine cases of boundary conditions (C-S, C-F; S-C, S-S, S-F; F-C, F-S, F-F) at both the inner and outer edges of plates (Fig. 3) . Here, the designation C-S identifies a plate with the outer edge clamped and the inner edge simply supported and F-C corresponds to a free outer edge. Table 7 . Value of frequency parameter Ω for C-S plate 
Conclusion
In this paper, finite element method has been employed to solve free vibration of thin, isotropic circular and annular plates. The effects of boundary conditions and hole size on different modes of vibration has been fully investigated and it is found that the natural frequency increases as the hole size increases except when the inner and outer boundaries of the annular plates are free, for which they decrease with the hole size. It is also found that for free plate mode (1, 0) has higher frequency than mode (1, 2), as well as mode (1, 1) than (1, 3) in both circular and annular plates. The numerical results revel that the method is very accurate and can be extended to vibration problems of composite laminated plates which are subjects of investigation nowadays.
